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Abstract

This note describes methods to test for distributional treatment ef-
fects under the conditional independence assumption. The differences
between latent outcome distributions are judged by testing hypothe-
ses of distributional equality and stochastic dominance. Furthermore,
semiparametric efficient versions of the test statistics are given. The
latter test statistics are double robust, i.e., they are consistent un-
der misspecification of either the outcome equation or the propensity
score. Consistent bootstrap procedures for deriving critical values of
all tests are proposed.
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1 Introduction

This note presents methods to test for significance of distributional
treatment effects under the conditional independence assumption. Us-
ing the framework of econometric evaluation methods, the cumulative
distribution functions of latent outcomes for treated and untreated
individuals are compared. To judge on the significance of the impacts
of a treatment on various parts of the outcome distribution, tests for
equality and stochastic dominance are used.

To evaluate effects of treatments on the whole distribution of out-
comes, several quantile and distributional treatment effect models
were proposed in the literature. The approaches use the econometric
evaluation framework and consider some difference between function-
als of latent outcome distributions (for general overviews of economet-
ric evaluation methods see Angrist (2004), Imbens (2004), Tan (2006
a, b), or Heckman, Laloonde and Smith (1999)). They may be classi-
fied whether they are based on on the horizontal or vertical difference
of the distribution functions.

Following Doksum (1974), quantile treatment effects are defined
as differences between quantiles of the latent outcome distributions
for treated and untreated individuals (i.e., as horizontal difference).
Such models were proposed by Abadie, Angrist and Imbens (2002)
and Chernozhukov and Hansen (2005, 2006) using exclusion restric-
tions, and by Firpo (2007) under the conditional independence as-
sumption. Athey and Imbens (2006) derive quantile treatment effects
for a difference-in-differences model. To summarize quantile treat-
ment effects, Chernozhukov and Hansen (2005) and Chernozhukov
and Fernandez-Val (2005) present formal procedures to test hypothe-
ses on a set of quantile treatment effects. Within the conditional
independence framework, Bitler, Gelbach and Hoynes (2006) apply
the basic Kolmogorov-Smirnov testing approach of Abadie (2002) to
test for any significant effects within a set of estimates for different
quantiles.

Distributional treatment effect models examine the vertical dis-
tance between distributions, i.e. the difference between the distri-
butions of treated and untreated individuals at a given point in the
support of the outcome variable. Abadie (2002) derives procedures
to test for equality and stochastic dominance of the distributions of
compliers, i.e., individuals who change their participation decision due
to a change of the binary instrument (for the underlying concept of
local average treatment effects see Imbens and Angrist (1994) or An-
grist, Imbens and Rubin (1996)), extending the work of Imbens and
Rubin (1997). Using the conditional independence assumption, Im-



bens (2004) suggests estimators for cumulative distribution functions
of latent outcomes based on the reweighting method of Hirano, Imbens
and Ridder (2003). Following this approach, Firpo (2005) proposes es-
timators for functionals of distributions like variance or interquartile
range. Distributional treatment effect models are useful especially for
examining stochastic dominance hypotheses; for definitions and con-
nections to economic theory see McFadden (1989). To derive bounds
on differences between wage distributions, Blundell et al. (forthcom-
ing) implement the restriction of positive selection into work by as-
suming stochastic dominance of the wage distribution of non-workers
by that of workers. Recent contributions to the topic of stochastic
dominance include Barrett and Donald (2003), Davidson and Duclos
(2000), Horvath, Kokoszka and Zitikis (2006) and Linton, Maasoumi
and Whang (2005), for example.

The methods of this note are based on those of Abadie (2002),
but differ in several aspects. First, identification relies on a differ-
ent assumption. As opposed to the instrumental variable approach of
Abadie (2002), the methods proposed here use the conditional inde-
pendence assumption. Second, a semiparametric efficient test statistic
is derived. Using the reweighting approach of Hirano, Imbens and Rid-
der (2003), the propensity score is modelled by a nonparametric series
estimator. This approximation is plugged into the estimators of the
latent distribution functions, which therefore are semiparametric es-
timators. In parlance of the theory of semiparametric efficiency, the
propensity score is an infinite dimensional nuisance parameter. For
testing semiparametric hypotheses, Bickel, Ritov and Stoker (2006)
suggest efficient tests which concentrate on deviations of the test
statistics that are not influenced by the nuisance parameter. Finally,
it is shown that the semiparametric efficient test statistic is double ro-
bust in the sense of Scharfstein, Rotnitzky and Robins (1999). In the
context of this note, this means that the estimator of the test statistic
is consistent whenever the propensity score or the outcome equation is
correctly specified. Put differently, either the propensity score or the
outcome equation may be misspecified without leading to inconsistent
estimates of the test statistic.

In the following, section 2 describes the framework and the as-
sumptions of the tests and the semiparametric estimators of the test
statistics. Section 3 derives a semiparametric efficient test statistic
and states its double robustness property. Resampling methods to
obtain critical values of the test statistics are described in sections 2
and 3. All proofs are given in the appendix.



2 Tests for Distributional Treatment
Effects

Consider the effect of a binary treatment D on an outcome Y. It is as-
sumed that for every individual and for each value of the treatment D
latent outcomes Y7 and Yj exist. The observable outcome is therefore
given by Y = DY; + (1 — D)Yy. Contrary to most of the econometric
evaluation literature, this note considers the effect on the whole out-
come distribution. The cumulative distribution functions of the latent
outcomes Y7 and Y are denoted by Fy, and Fy;, respectivly.

The distributional treatment effect of D on Y at a point « of the
support of Y is defined to be Fy,(y) — Fy,(v). To judge on distri-
butional inequality, Kolmogorov-Smirnov tests are used to compare
the distribution functions of Y7 and Yj for all values of the outcome.
Following Abadie (2002), the following null hypotheses are tested:

Fy,(v) = FYO('Y) Vv ER, (1)
Fri(v) < Fyp() ¥V eR, (2)

v v
/ Fy, (z)dz < / Fy,(x)dx Vv €R. (3)

(1) is the null hypothesis for equality of distributions, (2) and (3) are
those for first and second order stochastic dominance, respectively.

To implement the tests, estimators of the latent outcome dis-
tributions Fy; () and Fy,(-) are constructed using results of Firpo
(2005). This approach applies the reweighting method of Hirano, Im-
bens and Ridder (2003), which yields estimators for E[Y;] and E[Yp]
by reweighting the observable outcome Y by suitable functions of the
conditional probability of receiving the treatment (propensity score).
This approach traces back to Horvitz and Thompson (1952). In the
context of general missing data models it is used by Robins, Rotnitzky
and Zhao (1994), for example; see also Tsiatis (2006). Hirano, Imbens
and Ridder (2003) estimate the propensity score by a nonparametric
series estimator (see their Appendix A for details). Using the fact
that Fy(a) = P(A < a) = E[1{A < a}], Firpo (2005) reweights the
indicator function 1{Y < 7} to get an estimator of the distributions
of the latent outcomes of treated and untreated. This approach was
also suggestested by Imbens (2004). Using the weights, the unobserv-
able (latent) distribution functions Fy, and Fy, can be expressed by
functions of the observable variables Y, D and some covariates X.

Let {Y;, D;, X;}!' | be a (large) sample. The assumptions of the
following analysis are based on those of Hirano, Imbens and Ridder
(2003):



A1l The latent outcomes are independent of the treatment condi-
tional on the covariates: (Y1,Yy) 1L D|X.

A2 The support of X is the cartesian product of compact intervals
and the density of X is bounded from above and away from zero,
and is continuously differentiable for every x in the support of
X.

A3 E[1{Y; < ~}|X] is continuously differentiable for all elements of
the supports of X and Y (j € {0,1}).

A4 The propensity score p(X) = E[D|X] is continuously differen-
tiable of order s > 7r (where r is the dimension of X) and is
bounded away from zero and one.

A5 The series logit estimator of p(X) uses a power series with K =
n” elements, where 1/(4(s/r — 1)) < v < 1/9.

Assumption Al is the usual conditional independence assumption. A2
excludes discrete explanatory variables; this situation can be coped
with by conditioning on cells of combinations of the discrete variables,
if the sample is large enough. A3 is needed to show pointwise consis-
tency of the estimators. The assumption of a high number of deriva-
tives of the nonparametrically estimated function is usually made in
the literature of series estimators (see Newey (1994, 1995, 1997), for
example), though it is a strong assumption. A5 is a restiction of the
rate of inclusion of new elements in the series to assure consistency of
the estimators.

Under these assumptions and given an estimate p(X) of the propen-
sity score, an estimator for the difference Fy, () — Fy,(7y) at a given
point v can be obtained using a proposal of Firpo (2005). Here, a
slightly different representation is chosen, with n; and ng as the num-
ber of observations with D = 1 and D = 0, respectively:

Fy(y) = By (7) =

1 «— D, 1l ~— 1-D;
= =Y i<y - =Y — L {Yi<a) (¢4
w2y S - L Ty e @

The latent distribution functions for the subgroup of treated individ-
uals may be estimated using different weights, with p = n=! Yo D
as the unconditional mean of D:

FY1|T:1(7) - FYO\Tzl(W) =

1 &< D; 1 &<1-D; p(Xy)
= — ) 2y, <y - — — Y, <~} (5
nl;p i< no; p 1—p(Xi){Z - 3)




The further exposure will mainly consider the effects for a randomly
chosen individual (i.e., it will be based on estimator (4)). All results
are also valid for estimator (5).

Pointwise consistency of Fy, (-) and Fy, (-) follows directly by adapt-
ing results for the mean case of Hirano, Imbens and Ridder (2003).
With estimators of Fy, and Fy;, at hand, test statistics for hypotheses
(1) - (3) can be defined. These statistics resemble those of Abadie
(2002). The two groups to be compared are devided by the value of
D, which is a difference to the original tests of Abadie (2002), who
divides the groups with respect to the value of the binary instrumental
variable. The Kolmogorov-Smirnov test statistics for the hypotheses
of equality of distributions and first and second order stochastic dom-
inance are given by:

n1mn, - -
T = \/TO sup | Fy, (v) — Fyv,(7)|, (6)
. ~eR
s nin ~ r
T P sup (Fy, (1) = P, (1) (")
. ~eR
i ~ ~
T \/m sup / (B () = By (2)) d. (8)
N ~yeRJ-c0

The distributions of the test statistics depend on the unknown
true probability distribution (see sec. 19.3 of van der Vaart (1998) or
Romano (1988)). Therefore, following again Abadie (2002), Algorithm
1 proposes a bootstrap procedure to approximate the distribution of
the test statistics.

Algorithm 1:

1. The test statistics given by (6) - (8) (henceforth abbreviated by
T, ) are computed using the original sample. Set n; equal to the
number of individuals with D = 1 and let ng = n — n;.

2. A resample with replacement is drawn. The first ny observations
are classified as treated (i.e., D is set equal to one), the remaining
ng as untreated (D = 0). Using the resample, test statistics 17,
are computed. Note that the propensity score is re-estimated for
each subsample.

3. To approximate the distribution of the test statistics, the second
step is repeated B times.

4. The p-values of the tests are calculated as the fraction of test
statistics 17, ; of the subsamples which exceed the original value
T,

B

1 -
p-value of T, = B Z HT,; > T,}
j=1



Abadie (2002) derives asymptotic properties of the bootstrap pro-
cedure. Proposition 1 notes that the procedure just described shares
these features.

Proposition 1: The test procedure described by Algorithm 1 has cor-
rect size, is consistent against fived alternatives and has power against
contiguous alternatives.

3 Semiparametric Efficient Tests

Due to the semiparametric nature of the estimators used for the con-
struction of the test statistics, an extension of the approach of section
2 is appropriate. For semiparametric goodness of fit tests, Bickel, Ri-
tov and Stoker (2006) suggest the use of a semiparametric efficient
formulation of the test statistic as the base for the testing procedure.
As the propensity score is approximated nonparametrically, it is an
infinite-dimensional nuisance parameter for the estimation of the dis-
tribution functions of Y7 and Y at a given point . The test statistic
is influenced not only by differences between Fy, and Fy,, but also by
deviations induced by the estimated propensity score. Therefore, to
concentrate on differences of the distribution functions, the test statis-
tic is adjusted for influences of the propensity score. Technically, only
movements of the test statistic in the tangent space associated with
differences between the distribution functions are considered without
paying attention to movements in the nuisance parameter tangent
space. That is, the test statistic is projected on the orthogonal com-
plement of the nuisance parameter tangent space, which corresponds
to using the difference of the test statistic and its projection on the
nuisance parameter tangent space. These concepts are discussed in
detail in Bickel et al. (1998), Groeneboom and Wellner (1992), Newey
(1990), Tsiatis (2006) and van der Vaart (1998, 2002), for example.

The basic building block of the approach of Bickel, Ritov and
Stoker (2006) is what they call the score process, which is \/n times
an estimator of the projection IT*+(h(-)) of the test score on the or-
thogonal complement of the nuisance parameter tangent space. The
score process is given by

Zn(v,0) = L En I (h(y, ), o) (X;). 9)
NG
i=1

Here, h(7y,«) is an element of the tangent space of the test statistic,
which may depend on the nuisance parameter o. Given an estimate
&, Zn(7,&) can be used to implement an test. Proposition 2 below
shows that Z, (v, &) converges weakly to Z(~, ag).
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This general testing approach can be adapted to the question of
this note. First, an expression of the efficient test statistic is needed.
Define u(y|j, X) = E[I{Y < 4}[D = j,X]. Hahn (1998), Hirano,
Imbens and Ridder (2003) and Tsiatis (2006, sec. 13.5) derive semi-
parametric efficient estimators for average treatment effects, which
can be directly adapted to the present framework:

FRi(y) = B ()
1 ” ; —p(X;) .
T <15(11{Y“7} g i)

1 ” 1- - Di —p(Xi) .
> (T 6 ) T ) 0o

Comparing (10) with (4), one notes additional terms. These are the
projections of the estimators of Fy; and Fy, on the nuisance parame-
ter tangent space. The corresponding expression for the subgroup of
treated individuals is:

FY|T 1(7) = FYO\T 1 (7)

n

= 2 (i —aanx)

RS ( —D;i  p(Xi)
1_p<Xz)

+;pr’ (311, X) = 310, X)) (1)

(1Y <7} — iy \o,X»)

Therefore, for the specific testing problem of this note, the (es-
timated) projection on the orthogonal complement of the nuisance
parameter space is given by

I (h(v, &), &) = FY () — E5; (7). (12)

An estimator of the score process (9) is equal to (12) multiplied by /n.
Here, h(v, &) is the difference between Fy, (-) and Fy, (-), 7 corresponds
to a value in the support of Y, and « is the nuisance parameter, i.e.,
the propensity score. The semiparametric efficient test statistics are
given by applying the transformations of (6) - (8) to the score process,
i.e., Zy(v, &) replaces the simple difference Fyl - Fyo. Following Hi-
rano, Imbens and Ridder (2003, p. 1172), the conditional expectation
u(7, X) can be estimated by a series approximation like that used for
the propensity score. The weak convergence of the test statistic to its
true value is stated in the following proposition.



Proposition 2: The estimator of the score process is given by
Zn(7, &) = v/ (B0 () — B0 () (13)
n\7Y, & n\ Ly \y v \V) ) -

Under assumptions A1 - A5, Z,(v,&) = Z(v,ap), which is a Gaus-
stan process with mean zero.

The critical values of the test can be determined by a bootstrap
procedure.

Algorithm 2:

1. Derive the test statistics for the original sample by estimating
Zn (7, &) over a grid of values v in the support of Y and apply
the transformations 7, described by eq. (6) - (8).

2. A resample with replacement is drawn. The first n; observations
are viewed as treated (i.e., D = 1), the remaining ng as untreated
(D = 0). Following Bickel, Ritov and Stoker (2006, sec. 3.3),
the transformations 7, are applied to the centered projections:

Zu(16) = = 3 (I (h(3.8). &)(X:) ~ I (h(7.4), 6)(X,))

Here, & is an estimate of the propensity score based on the boot-
strap sample.

3. To approximate the distribution of the test statistics, the second
step is repeated B times.

4. The p-values of the tests are calculated as the fraction of test
statistics of the resamples which exceed the original value:

B
1 ~
p—Value of TTL = E E 1{Tn?‘] > TTL}
P

The applicability of the bootstrap procedure of Algorithm 2 is shown
by the following proposition.

Proposition 3: The bootstrap test statistic of Algorithm 2 converges
weakly to the true test statistic.

The next proposition shows double robustness of the efficient test
statistics. This concept was introduced by Scharfstein, Rotnitzky and
Robins (1999). Other descriptions of this approach are Bang and
Robins (2005), Neugebauer and van der Laan (2005), Robins and Rot-
nitzky (2001), Tsiatis (2006) and van der Laan and Robins (2003).



Here, this property means that the estimates of the test statistic are
consistent under the presence of inconsistent estimates of either the
propensity score or the outcome equation.

An example may show the usefulness of double robust estimators
in empirical evaluation studies. Let D be an indicator for further
training, and Y be some income measure. Assume selection in D
depends on observable characteristics only, such as age, eduction, la-
bor market experience, for example. This might well be the case in
some programs of active labor market policy. Beside these factors, Y
may depend furthermore on some unobservable factors like motiva-
tion. Normally, this is a serious problem for methods relying on the
conditional independence assumption. If panel data are available, a
possible solution is to apply some kind of differencing scheme to re-
move time-invariant unobservable factors (see Heckman et al. (1998)
for such an approach). A double robust estimator like that of the
present paper would yield consistent results in the presence of unob-
served influence factors, as long as the propensity score is correctly
specified. A further potential advantage is stated by Tsiatis (2006, p.
150), who notes that double robust estimators seem to be less variable
when estimates of the propensity score near zero or one occur.

Proposition 4: The semiparametric efficient estimators F}%ﬁ(fy) and
S off

Fyr=1
either the propensity score or the outcome equation.

(7) (j € {0,1}) remain consistent under misspecification of

4 Conclusion

This note describes testing methods for distributional treatment ef-
fects under the conditional independence assumption. Hypotheses for
equality of distributions and stochastic dominance are considered. An
extension describes a semiparametric efficient formulation of the test
statistic, for which the property of double robustness is shown to hold.
Bootstrap procedures for obtaining critical values of these tests are
presented.

One point has to be kept in mind when interpreting estimates
of distributional or quantile treatment effects, however. Contrary to
average treatment effects, distributional or quantile treatment effects
identify causal effects only under the assumption of rank invariance.
In the context of this note, this means that individuals take the same
rank in the outcome distribution in both treatment states. This is a
strong assumption (see the discussion in Chernozhukov and Hansen
(2005) and Firpo (2007)). Without this assumption, the effect can be
interpreted as difference of marginal distributions in both treatment
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states.

A  Proofs

Proof of Proposition 1: It will be shown that the derivations of
Abadie (2002) are also valid for the procedure described in section
2. The first step is to show that the estimator of the difference of
the latent outcome distribution functions converge to some Gaussian
process. To this end, it is shown that \/7T1(Fy1 — Fy,) = GFY1 and

V1o (Fyo - Fy,) =G Fy,- This can be deduced from results of empir-
ical process theory, which is described in Andrews (1994a,b), Pollard
(1984, 1990), van de Geer (1990, 2000), van der Vaart (1998, 2002)
and van der Vaart and Wellner (2000), for example. Weak convergence
will follow if the estimators of Fy, and Fy, form Donsker classes.
Sets of indicator functions and monotone mappings from R to (0, 1)
are Donsker classes (see examples 2.5.4 (p. 129) and 2.6.21 (p. 149)
of van der Vaart and Wellner (2000)). The set {1/f|f € F, F is a
Donsker class} is also a Donsker class if every f > 0 (example 2.10.9
(p. 192) of van der Vaart and Wellner (2000)). These results, together
with a permanence property of Donsker classes (example 2.10.8 (p.
192) of van der Vaart and Wellner (2000)) and assumption A4 show the
Donsker property and hence the weak convergence of the estimators.
The scaled difference of the estimators can be rewritten as

ning

F—F)
n(yl Yo

nin ~ ~
= 4/ an (Fyl —Fy1 — (FYO — Fy0> + (Fy1 — FYg)) .

Under the null hypothesis Fy;, = Fy, (= F), and by n1/n — 7 € (0,1)
(which can be deduced from the common support assumption A4),
weak convergence of the following expression results:

\/T\/nj (FY1 _ Fy1>—\/§\/770 (Fyo — Fyo) = V1 — 1Gp—/nGh,

where G and G’ are independent Brownian bridges with law F. The
difference of the right hand side converges also to a Brownian bridge,
which shows convergence of the scaled difference of the distribution
functions to a Gaussian process under the null hypothesis.

Following again Abadie (2002), convergence of the bootstrap test
statistics to some Gaussian process will be shown. By Theorem 3.7.6
(p. 365) of van der Vaart and Wellner (2000), this follows by the
Donsker property of the estimators. Abadie (2002) shows continuity
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of all T}, which follows by the fact that these transformations are
norms or can be bounded by norms. Furthermore, the 7, are convex
continuous functionals. Correct asymptotic size follows by results for
such functionals. Therefore, the derivations of Abadie (2002) apply
also to the tests of this note. In addition, consistency against any
fixed alternative follows.

Power against contiguous alternatives can also be shown analo-
gous to Abadies (2002) derivations. Let @ be the distribution of D
conditional on X. Define M = QP. Rewrite the difference of cdfs as

Da(f) = /= (;2 - Z (¥ )

i=ni1+1

72 (e \/;T;u - D)) (70 - P1Y9)
Z( e ) V)~ (YD)

Let M,, = QP, be local alternatives and P,, conditional probability
measures, where P, = Py, for D = d. Assume that P, converges in
mean square for d = 0,1, i.e.:

2
/ (ﬁ(dP;f —dP"?) - ;:z:ddPl/2> -0

From this, convergence of M, follows (with x = D;z1(Y;) + (1 —
Dy)ao(Yi)):

2
/ (ﬁ(dMi/ 2 _dMm'?) — ;del/Q) -0

M and M™ are contiguous and the sequence of log likelihood ratios
has a linear expansion. D, (f) and log % converge under M"™ in dis-
tribution to a multivariate normal variable. Further, D, (f) converges
under M} in distribution to a multivariate normal variable. By the
Donsker property of {f}, it can be shown that D,, converges weakly
to a Gaussian process plus a mean zero random variable. From this,
power against contiguous alternatives follows. Therefore, Algorithm 1
of this note shares the asymptotic properties of the method of Abadie
(2002). O

Proof of Proposition 2: In the following, conditions M0, M1, M3,
N1 and N2 of Bickel, Ritov and Stoker (2006) are shown to hold for
the score process of this note, which proves the applicability of their
Theorem 3.2. Like the proof of Proposition 1, the following derivations
rely primarily on empirical process methods.

12
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M1

M3

It has to be shown that {II*(h,(-,a0), ag)|y € T'} is an universal
Donsker class. That is, the class is a P-Donsker class for every
probability measure P on the sample space (see van der Vaart
and Wellner (2000, p. 82)). In the present application, this set
is given by:

{0 (a0 a0)| v €T} = {Ff(9) — B3|y e T}
D

_ [ D D —p(X) B
1-D D — p(X)
(1(}()1{5/ < - 1_MX)M(7|O,X)> ‘ 7€ F} :

It is well known that the set of empirical distribution functions is
a Donsker class (van der Vaart (1998, sec. 19.2)). The propensity
score belongs to the set of bounded functions from R — (0, 1).
Uniformity in P follows by the facts that classes of monotone
functions are Donsker classes for all probability measures P, and
that {1/f|f € F, F is a Donsker class} is also a Donsker class
(Examples 2.6.21 (p. 149) and 2.10.9 (p. 192) of van der Vaart
and Wellner (2000)).

[(P = Po)(II(hs (-, &), &) — H(hy (-, &), @0))|oc = 0p(n~'/?). In
the context of the present application, this is equivalent to
D —p(X) D —p(X)
P, — P <AN'717X + = a0, X
|7, ro (=801, + 2= E 8 atapo, )
D —p(X) D —p(X)
—(FE2 L x) + 2 00, X
(55wt + T 0) |
being op(n~1/2). This condition is fulfilled if the projection of
the test statistic on the nuissance parameter tangent space, i.e.,
oAy D—=p(X) . D —p(X) .
H(hy (- &), &) = ———a(y[1, X) + —— = a(7]0, X),
is stochastic equicontinuous. As all functions are bounded, their
entropy integral and the envelope function are finite. Therefore,

convergence follows by empirical process arguments (see van de
Geer (2000, sec. 6), for example).

1(Pn — Po)(hy(-, &) — hy(-,00)) |00 = op(n=1/2), which follows if
h~(-, &) is stochastic equicontinuous. This function is equal to
the difference of the (simple) estimators of the counterfactual
distributions, i.e., hy(-,&) = Fy, () — Fy, (7). These are func-
tions are bounded with finite entropy, which shows the validity
of condition M3 for the present application.
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N1

(i) & ist consistent with respect to the Hellinger (pseudo-) met-

ric, i.e.,

2
1 [dP; dP,
2(p. i o @0
H?*(P4, Py,) 2/( an a > dp — 0.

Let fo, = dP,,/dp and fs = dPs/dp. Lemma 1.1 of van de
Geer (1993) shows the following relationship:

/ ( féz_1> d(Pn_PO)>H2(fd7fa0)' (14)
fo>0 fOéO

Define the set G = {(v/fo/fo — 1)1{fo > 0}|6 € ©}. Con-

sistency of & with respect to the Hellinger metric results by
(14), if the following holds:

sup — 0 as. (15)

geg

/Qd(PN - )

Validity of (15) can be shown by empirical process methods;
in the present context, the conditions of Theorem 3.1 of van
de Geer (1993) will be shown to hold.

To this end, consider the following densities:

faoly,d,m) = (Alyle)p@)? (folylz) (1 —pl@))' ™ f(=),
faly.dyr) = (Alyle)p(@)? (folyle) (1 — p())~* f(z).

fao is the true density of the data, f; is the density given
an estimate of the propensity score. f;(y|x) is the marginal
conditional density of Y; of the joint density f(y1,yo|x) of
the latent outcomes Y; and Yy. Define Gy = {/fy |0 € ©}
and let H(0, Go, || - | p,,00) denote the d-entropy (logarithm of
the d-covering number) of Gy. If the following three condi-
tions hold, Hz(f&, fao) — 0 a.s. by Theorem 3.1 of van de
Geer (1993).

(a) Gop is uniformly bounded,

(b) Vo < o0,

(¢) n™'H(3,G0. | - |p,.00) — 0.

By assumption A2, conditions (a) and (b) are satisfied. The
finiteness of entropy of condition (c) follows by the bounded-

ness of the densities of Gy, which follows by assumption A2.
Therefore, N1 (i) is shown to hold in the present context.
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(ii) For s(a) = \/dP,/du, § = s(&) and sp = s(ayp) it holds that

(5 — s0)2]”

P = 0p(n71),

2,p

= ([ |f|Pdu)'/? is the L, norm. The norm
condition can be rewritten as

§—s0)*
= /<A20)du = op(n™!)

S

(3 — s0)2 |

3

2p

& n/(g_so)Zld,u = op(1)
& / n(s— so)) (8—80)23% dp = op(1). (16)

Assume that s(«) is differentiable in quadratic mean. By an
intermediary result of the proof of Theorem 7.2 of van der
Vaart (1998, p. 94), (y/n(5 — s0))? converges in quadratic
mean to 1/4hTI,h < oo, where I, is the Fisher information
matrix and h is a vector. The first and third factors of
(16) are bounded, the second converges to zero. Therefore,
condition N1 (ii) is fulfilled in the present application.

(iii) With I, as projection on the tangent space of s(«) for s(ay),
it holds that

8 = 50 = Tu(3 = 50) 2,6 = 0p(n™"/?).
The condition may be rewritten as:
18— so = ILu(5 — 50)13,,

- / (58— 50— (5 — so)du)®du = op(n™")

< /<8_1f§_ (81_/280)>2d” = op(1)

As II,(8 — s0) is an element of the tangent space at sg, the
condition reads as

§— S0 S 2 d
n-1/2  p-1/2 K

which is op(1) by mean square differentiability of s(«).

N2 (i) sup, 4 |hy( @)[oc < 00 and (ii) sup, , [I(Ay (-, @))]ee < .
This follows directly from the definitions and assumptions, as
both functions are bounded for all v and «a. O
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Proof of Proposition 3: To show convergence of the bootstrap test
statistic to a Brownian bridge process, a result of Bickel and Ren
(2001) is used. This result shows the convergence of a test statistic
to some Brownian bridge process under the assumption that the es-
timated process (for example, some distribution function) converges
weakly to its true value, and that the transformation applied to this
process is suitably smooth. To this end, view the efficient score of
the test as an operator S mapping the Banach space Fy of cumu-
lative distribution functions to some other Banach space (here, R).
Assumptions Al and A2 of Theorem 2.1 of Bickel and Ren (2001) are:

(a) The efficient score (i.e., the semiparametrically efficient influence
function) of the test is Hadamard differentiable, i.e.,

S(F +6G) — S(F)
5

—SQQH—dU

sup
G

for § — 0 and G as any element of any compact subset of Fy.
A Definition of Hadamard differentiability and relationships to
other differentiability concepts for normed spaces are given by
Bickel et al. (1998, Appendix A.5), Fernholz (1983), Gill (1989),
van der Vaart (1998, sec. 20), van der Vaart and Wellner (2000,
sec. 3.9) or any monograph of functional analysis (for example,
Werner (2005, sec. II1.5)). This concept is frequently used in
non- and semiparametric statistics, see for example Andersen et
al. (1993, sec. II.8) or Gill (1994) for applications in survival
analysis, van der Vaart (1991), who considers the semiparamet-
ric efficiency of functionals of efficient estimators, and Freitag
and Munk (2005), who consider goodness of fit tests for the k-
sample problem with respect to structural relationships between
the samples.

(b) vn(F, — F) = Z, where Z is a Brownian bridge. That is, the
estimator of the functional converges weakly to its true value.

The efficient test statistic contains the cumulative distribution
function linearly and via an conditional expectation. The first re-
lationship is clearly differentiable, the second by the dominated con-
vergence theorem. The latter holds as the cdf is bounded and therefore
a finite envelope function exists. For the dominated convergence the-
orem and differentiability under the integral see Elstrodt (2004, pp.
147) or Pollard (2002, p. 32). Condition (b) was already shown to
hold in the proof of Proposition 1. O

Proof of Proposition 4: Following Tsiatis (2006, sec. 13.5), the me-
chanics of double robust estimators are shown first for Ff,ff(’y) —F{if(’y).
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The efficient estimator (10) of Fy, — Fy, converges in probability to

D —p(X)

F) = i) — B |2y <) = Bl )
1-D D — p(X)
- ml{y <+ mﬂ(’ﬂowx)

By the fact that DY = DY) and (1 — D)Y = (1 — D)Yjp, this can be

rewritten as

Fi(v) = B (7) =

B i <+ 2B <4 - o X))
N D —p(X) _
HYo <vp+7 — (%) ({Yo < v} — p(710, X)) | +op(1).

By the law of the iterated expectation it follows that the second terms
of each line are zero whenever the propensity score or the outcome
equation is correctly specified, but not necessarily both. That is, in-
consistent estimates of either the propensity score or the outcome
equation do not lead to inconsistent estimates of the distribution func-
tion of the latent outcome, which shows double robustness of the effi-
cient estimator of Fy, — Fy;.

Double robustness of the estimator for the subgroup of treated in-
dividuals can be shown using results of Hirano, Imbens and Ridder
(2003) on more general weighted average treatment effects. The es-

timator FfﬁfflT:l(’y) —F}‘iﬁT:l('y) is equal to the expression for Ff,ff(’y) -

F{}gf(’y) above times p(X)/p, which converges in probability to E[p(X)]/
E[p]. As p(X) is a conditional expectation, E[p(X)] converges to
E[p] by the law of iterated expectations, and double robustness of

}i’{jﬁT:l(V) - F)e/gﬁTzl (7) follows by the derivations above for Ff}ff('y) -
(). O
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