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1 Introduction

The phenomenon of credit rationing, its causes and consequences are of recur-
ring interest. A recent example are the discussions about the existence of credit
rationing in Germany in the recession years 2001-2003. Fact is, that the decline
in GDP was accompanied by a weak credit growth. However, it is still an open
question, whether the credit supply or the credit demand side is responsible
for the modest credit development. According to the German Council of Eco-
nomic Advisors (2004) and the Deutsche Bundesbank (2005) credit weakness in
these years was mainly demand-sided driven. The economists base their thesis
on econometric estimates (Deutsche Bundesbank (2005)). Furthermore, they
argue that German enterprises reduced their investment activity and there-
fore their credit demand in view of the bad economic outlook. Nevertheless,
they admit that “there are signs of a certain lending restraints among banks”
(Deutsche Bundesbank (2002)). On the contrary, the ifo institute in Munich
(Westermann (2003)) and the RWI institute (Nehls and Schmidt (2003)) in
Essen find clear indications for a credit rationing, e.g. the drop in earnings
in the banking sector. In any case, economists feared that a credit rationing
in this recession would hinder entrepreneurs from investing and thus would
accelerate and reinforce the econcomic downward trend.

What are the theoretical contributions to this subject?

Microeconomic theory provides three major concepts why interest rates are
rigid and do not react to an imbalance of capital supply and demand: First,
the Government intervenes in the market process, determining an upper limit
for the interest rate. Second, interest rates do not adjust instantaneously to
imbalances, but with a certain time lag. Third, banks derive from their ratio-
nal calculation an optimal interest rate, which lies below the marketclearing
one and which the banks do not want to raise. Among a large body of litera-
ture we want to mention the classical papers of Jaffee and Modigliani (1969)
dealing with legal restrictions on interest rates, and, with respect to the third
topic, the asymmetric information approach by Stiglitz and Weiss (1981) and
Devinney (1983). For a general thorough survey the reader is referred to Bal-
tensperger and Devinney (1985).

Macroeconomic investigations concentrate on two questions: (i) how effective
will be monetary policy if credit demand is rationed? (ii) do restrictions on the
credit market aggravate the downward trend in GDP and employment? Corre-
sponding studies assume hereby in general an optimal bank interest rate (e.g.
Kyiotaki and Moore (1997), Mendicino (2006)), often in the Stiglitz and Weiss
(1981) framework. The macroeconomic effects of credit rationing are contro-
versily discussed in literature. For example, Eickmeier et al. (2006) found no
evidence “that loans amplify the transmission of macroeconomic fluctuations”,



while Mendocino (2006) obtained the result that there is a correlation between
the size of the credit market and output volatility.

In order to get a more profound understanding of macroeconomic effects of
credit rationing, we construct a dynamic macroeconomic model with a capital
market, following a Keynesian-type model (called BCW-model) presented in
Bignami, Colombo and Weinrich (2000).! Its distinctive feature is that prices
react more slowly than quantities. This aspect constitutes an important con-
ceptual improvement with respect to existing literature, where the possibility
of slowly adjusting interest rates has been ignored, because the resulting credit
rationing has only been regarded as a temporary phenomenon. In our model,
time is devided into periods and transactions take place in every period even if
prices are not at their Walrasian values. Such an approach raises the question
of the existence and description of a consistent allocation at non market clear-
ing values. In this model this problem has been solved by considering rationing
and quantity signals. In the literature this solution is known as the concept
of a temporary equilibrium with quantity rationing which mainly originates in
Benassy (1975) and Dreze (1975). A key-characteristic of the present model
is the assumption of a stochastic rationing mechanism. As has been pointed
out by Weinrich (1984), this approach allows to develop a reliable measure for
the size of disequilibrium, which is decisive for the price adjustment. Mod-
elling dynamical adjustment processes within the framework of a temporary
equilibrium model enables us to investigate if temporary credit rationing gen-
erates complex behaviour of the economy. Moreover, steady states with fixed
prices involving permanent unemployment would emerge as fixed points of the
dynamical system (Bohm, Lohmann and Lorenz (1994)).

Models of this type are characterized by highly complicated, nonlinear dy-
namical systems. Due to this fact an analytical determination of the trajecto-
ries is impossible. Nevertheless, we were able to develop two algorithms, one
for the dynamic evolution of this model and one for a variant of it. These are
the basic requirements for corresponding simulation programs. The variation
consists in the assumption of permanent capital market clearing. Since the
BCW-model is incorporated in our model we can simulate the dynamics of
an economy without a capital market, with credit rationing and with capital
market clearing and we can compare them to each other.

'The BCW-model provides only for a labour and a commodity market.



Our paper is organized as follows: In section 2 at first we explain the time
structure of our model. Next we derive detailed behavioural functions of pro-
ducers, consumers and the government under stochastic rationing. The subse-
quent section contains the definition of a temporary equilibrium and examplary
analytical as well as graphical illustrations of two temporary equilibrium sys-
tems. Afterwards we prove that the BCW-model is a special case of our model.
Then we partition the price-wage-interest rate-space into different equilibrium
systems for a numerical example. The next subsection is concerned with theo-
retical considerations about dynamics and ends with a portrayal of the model
in form of a flow diagram. The modification of our model and its consequences
are explained thereafter. In section 3 we present our simulation results. Finally
we give a summary of our work and conclude with some suggestions for further
research. Proofs of some technical results and the system-specific equations
including the algorithms are added as appendix.

2 The Model

2.1 Behavioural assumptions

Our model consists of a labour market, a capital market, and a goods market.
We distinguish between producers, the government, and consumers for which
we assume an overlapping generations structure. Each consumer lives two
periods and in each period there exist a young and an old generation. The
consumers and the government together form the consumption sector. Time
is divided into periods of equal length. The prevailing nominal wage w;, the
nominal interest rate r; and the price of goods p; at the beginning of a period
t remain fixed for the length of the period and transactions take place at these
prices. If the supply does not coincide with the demand in a market, the
respective price will be adjusted at the period’s end. We assume a temporal
sequential structure. The labour market is visited first and the capital market
next. After the decisions on the factor markets are taken, agents express their
transaction offers for the goods market. In the following we want to explain
the time structure of the model illustrated in figure 1.

At the beginning of a period the producers (P) demand labour and pay
for the current employment L; a salary of w;L; to the young consumers (CY)
who supply the labour. Since at that moment the producers lack money, we
suppose that they receive a bank loan to finance the work L;. At the end of
the same period, producers repay the loans with the proceeds of the sales of
their goods. For simplicity, we assume that the bank charges no interest and is
endowed with a stock of money with which the demands for credit can always
be satisfied. Hence the financing of the labour employment has no effect on
the model.
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figure 1

The young consumers offer to the producers for the length of one period
the amount? K,p; to finance the capital goods and receive in return a nominal
interest of K;r; from them. The producers purchase the capital stock abroad,
use it once, and sell it back without depreciation. Rationings in the foreign
capital goods markets are excluded. This simple model enables us to study
explicitly the consequences of rationing in the financial sphere. The goods
sales to the government (G) p:Gi, to the old consumers (C°) S;, and to the
young consumers p;X; minus the costs for the employment of the production
factors wy Ly + Kyry yield a profit II;1. The government receives a part of this
profit in form of taxes (taxIl;;1), the rest of the profit is distributed among
the young consumers in period t + 1.

On the other hand the young consumers receive, in addition to their labour
income w;L; and the net profit of the previous period (1 — tax)Il;, from the
older generation the interest payment K, 17,1 (earned the period before).

2This financial flow is not shown in figure 1.



They spend part of the total income for the consumption of the current period
p:X; and save the rest S;y; for the second period of their life. It is important to
bear in mind that Sy, consists of the desired savings which correspond to the
capital supply K;p; and a stock of money. This stock arises if the demand for
goods is rationed. The transfer of the interest and the profit of period ¢ to the
young consumer generation of the subsequent period ¢+ 1 ensures that even in
the case of unemployment they hold a minimum stock of money. Moreover the
assumption regarding the interest payment has the technical advantage that
expected rationings of the capital supply are of no importance for the capital
giver and are therefore not considered in their optimization calcul.

The old generation can do nothing but spend its savings .S; for consumption
purposes. The quantity of goods G' demanded by the government is fixed® and
public expenditures p,G are financed from tax revenue and, if necessary, by
means of money creation.

The following identity for savings arises from the structure of the model:

St+1 = U)tLt + (1 - tam)Ht + Kt_lrt_l - tht-

Taking into account the aggregate consumption Y; which is defined via the
relation

S
V=X, +G+=
Dt

leads to

Str1 = wely + (1 — tax)lly + Ky yri—q — peYs + p:G + S
After simple transformations we obtain the final result:

Sip1 — Sy + Uy — Iy + Kyry — Ky_yri—y = pG — taxll,.

The financing deficit of the government corresponds to the variation in the
money stock held by the private sector, hence the model is closed. We suppose
that budget surplusses are taken out of circulation, whereas budget deficits
are compensated with money creation. Consequently the quantity of money is
variable.

The Consumption Sector

The consumption sector consists of 2n agents, n of them are identical young
consumers and n identical old ones. Each young consumer is informed of the
prices py, wy, ;. For his decision process, the prices as well as his expected

3Henceforth we omit the subscript ¢.



transactions are crucial. The agent receives quantity signals for all three mar-
kets in form of quotients of aggregate supply and aggregate demand, assuming
that they cannot be influenced by his own actions. The signal for the labour
market is \{ = min{L¢/L* 1}, with L? and L* denoting aggregate labour de-
mand and aggregate labour supply, respectively. Hence a stochastic rationing
mechanism of type all-or-nothing in the labour market, that is either full em-
ployment or unemployment, looks like the following:

- [* with probability A;
"7 1 0 with probability 1— ;.

The variable [; denotes the actual labour employment, whereas [° indicates the
individual labour supply. We suppose that a young consumer derives utility
only from the consumption of goods and not from leisure. Consequently it is
rational for him to supply his total labour endowment. Then the labour supply
[* is invariant with respect to the wage and the rationing probability, and there
is no need for a time index. The aggregate supply of labour is, therefore:

L = nl®.

After the transactions on the labour market have taken place, the young con-
sumer knows his real income. In the case of unemployment it amounts to:

0 (1 — taI)Ht n Kt_ﬂ"t—l,

L npy npy

and in the case of employment

1 — tax)II K qri w
wtlz( )t_l_ tltl_‘__tls‘
npy npy Dt

The young consumer uses his income for consumption in both periods, x; and
Z¢11. In taking any decision he has to consider the constraints

xy 2> 0, Ty 2 0,
Ty §W§> Tep1 < (Wg_ﬂ?t)&a 1=0,1.
P41
Moreover on the commoditiy market he is confronted with the following ra-
tioning mechanism:

i x¢  with probability p+¢
e ciwd  with probability 1 — pye.

Here the variable x¢ stands for an agent’s effective demand. Therefore his
demand is completely satisfied with probability py¢ and with probability
1 — pyd he gets only the part ¢; of his desired quantity. By assumption it is

4We assume that interest and profit are evenly distributed.



determined by means of the constant parameter p € [0, 1] and the endogenous
parameter® ¢ € [0, 1] as follows:

e
L= pyf

This implies for the expected transaction of the consumer:
Bz = pyfaf + (1 — pyf)ewt = yfaf.

The rationing mechanism for the capital market is supposed to work in the
same way. This yields an expected transaction pjk; for the young consumer,
where £} denotes the individual capital supply. The consequence of rationing in
the capital market for the young consumer is that, on a portion of his savings,
no interest is paid. As already mentioned before, due to the interest transfer
to the next young generation the rationing probability in the capital market
is of no relevance for his optimization problem. The effective goods demand
results now from the maximization of the expected utility:

€T wi — G
) + (1= i) ( T)
t

. u)i —
di d t
zy' = argmax py;u (xt, 5

T <wy

with ¢ = 2
Pt
where we denote with pf, ; the expected price for the period t+1. For a generic
utility function it is not possible to determine the optimal z¢ but, as has been
shown by Bignami, Colombo and Weinrich (2000), with the assumptions of a
Cobb-Douglas-utility function w(z;, z,41) = zfai 1" and p = 1 we obtain the
following explicit solution:

¥ = hw!,

st

Note that planned savings, which equal the optimal capital supply k;*, cor-
rected by the relative price of consumption in periods t and t + 1, lead to the
planned real demand of period ¢ + 1:
Bi=(—hwl, 2 =1 —-hwite =01
Pi+1

It is remarkable that the demand for goods does not depend on the signal 7.
The cause of this result rests in the assumption of p = 1, which implies a 0/1-
rationing mechanism. In this particular case the consumer would only worsen
his situation, if he deviated from his initial plan due to possible rationing.

5The definition of equilibrium will reveal why the parameter is endogenous.



The individual transaction offers lead to the aggregate supply of capital

K} = Xnk' + (1= \)nk® = XK (w]) + (1= A)E*(w)) (1)

1 —tazx)ll, Ky ir
:(1—h) [Af%LS+( a:zs) t+ t—1Tt-1

] = KS()‘f> Wy, Pt, Ht> Zt)>
Y2 Dt Y2

and the aggregate demand of commodities becomes

— Ana? 4 (1= A = NXM(w)) + (1 — A) X)) (2)

1 —tax)ll, Ky ir
:hlkfﬂ[zs‘i‘( CL[L’) t_'_ t—1Tt-1

] :Xd(AfawtapmHt,Zt)- !
Dt Dt Dt

To study the temporary equilibrium regimes it will be useful to illustrate the
aggregate transaction offers and the expected aggregate transactions for vary-
ing values of the quantity signals. The locus of the aggregate transaction offers
is given by

H = {(L*, K*(\*), X%(\*)) | A* € [0,1]}.

Analogously to the individual transactions A;1%, usks and ydx? expected by the
young consumers we can formulate the expected aggregate transactions, the
locus of which is defined by

H = {(NL5 K5 (), X400 | (A%, 1ty € [0, 1%}

The set H is an eight-sided body in a three-dimensional space, called L-
K-Y-space with A*L® as the L-coordinate, u®K*(\°) as the K-coordinate and
74X 4(\%) is the Y-coordinate (figure 2).

There is a one-to-one correspondance between the unit cube [0, 1]* in A* —
p® —4-space and the set H in L-K-Y-space. With the knowledge of L we can
determine A\° unambiguously because of the linear relationship L(A®). Since
K (X%, p*) and Y (X\%,79) depend linearly on u® and 7%, respectively, the injec-
tivity is proved. The locus of the transaction offers is represented by the curve
E.

A partition of H according to the values of the variables A, u* and ~¢,
more precisely

H .= F with

'Cw

i=1

'Henceforth a list of arguments exhibits only those variables of which the effects are to
be investigated explicitly. Moreover we will only indicate variables with a subscript ¢, if the
timefactor is important for the analysis.
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Taking into account the government demand and the old consumers’ ag-
gregate demand, the total aggregate demand of commodities becomes
(1 — tCLI‘)Ht + Kt—l'rt—l St

Yéd=h|x2re +G+ 2
Dt Dt Db Dt

= Yd()\f>wt,pt> IL;, K171, St)-

The locus of the expectations of the whole consumption sector is an eight-sided
body which results from H through an extension of the vertical edges of H by
the amount S/p + G.

The Production Sector

We assume there are m identical firms which are informed of the prevailing
prices p;, wy, ry and the quantity signals expected by the whole production sec-
tor. Concerning the labour market they reckon with an all-or-nothing rationing
as well as the consumers do. With the quota A = min{L*/L¢, 1} the rationing
mechanism becomes

- 14 with probability ¢
71 0 with probability 1— A%

Therefore a firm’s demand for labour is (completely) satisfied with probability
MY, If it is rationed on the labour market, it will refrain from producing during
the current period. This also implies that it will not acquire capital goods and
therefore not run the risk to make losses during the current period because of
a financing of a capital stock.

Regarding the capital transactions the producers expect a quota uf =
min{K;/K? 1} where K¢ denotes the aggregate capital demand. Then the
individual firm’s rationing is given by

b k¢ with probability e pu
b vikd  with probability 1 — e pud

where we indicate the actual transaction by k; and the effective capital demand

by k. The structural parameter ¢ € [0, 1] is constant. The coefficient v; is
defined as

pi —epd

R

and determines the transaction level in the case of rationing. From this follows
that the expected value of a producer’s capital transaction is udkg.

10



On the commodity market a firm faces a similar rationing mechanism:

B y; with probability o~}
o= dyy; with probability 1— o7},

with the constant parameter o € [0, 1], the signal 47 = min{Y,?/Y;*, 1} and the
coeflicient d; defined as

s_

d, = Y — 0 .
1 —ot

From this follows that the probability for complete sales of the effective goods
supply is 7;7o. The expected value of y; is 7;y; .

Regarding the technology a typical producer employs, it is given by an
atemporal production function of the Cobb-Douglas-type:

fLE)=1"k"  with a+0b< 1.
As his objective function is expected profit, his problem becomes

Wy l Tt

Dt Dt

Tt

k] + (1 - pde) [vff(l,vtk) O k]
Db De

max fij'e lvff (I, k) —
Note that the rationing parameter A\¢ is no argument of the profit function
because of the assumed 0/1-rationing on the labour market. The solutions are

the effective labour demand

_b 1—b
o (P 1o fapy\ Tmab 1-b B 1
If = (77)T=a=b <—t> (—t> (p)T=a=b[e + P71 (1 —¢)]T-a b (3)
Tt Wy
and the effective capital demand
l—a a
1 b l1—a—b a - _a 1
]{;g = (”}/ts) 1—a—b (ﬁ) <ﬁ) 1 (Nfﬁl) [o— [E + Uf_l(l . 8)]—1_11_1)'
Tt Wy
The partial derivatives of the effective factor demands with respect to v* are
positive:
ol ok
>0, > 0. (4)
(9’}/8 afys

This means that the factor demands decrease with increasing expected ra-
tioning on the commodity market. Variations of u¢ yield

b 1-b
ol? ) . —1 _[(bp\l-a=b rap\1—a-b b
- — $SVY1l—a—b | —— = — 1—a—b
o >0 with ulf%Tol (%) < . < ” ) (1—¢) ,(5)
]{Zd
g—/ﬂ <0 with ;}}Elo k¢ = 0. (6)

11



Note that an increase in rationing on the capital market induces the producer
to lower his labour demand but to raise his capital demand. Moreover the
two limiting values are of interest. If the producer is rationed to zero on the
capital market he will still maintain a positive labour demand whereas his
capital demand will go to infinity. ©

For the effective aggregate labour demand follows

Lf = Ld(%fa/ifa wtvpta'rt) = mld(%sa Mfawtapta Tt) (7)

The aggregate effective capital demand consists only of the sum of the indi-
vidual capital demands of the A\¢m producers whose labour demand has been
satisfied:

Kffl = Kd()\f,,uf,yf, W, Pt, Tt) = m)‘fkd(ﬂfa%sa wtvptart)'

The aggregate goods supply is composed of the production of the m \¢ude
producers who could employ the optimal quantities of their production factors
and the rest of the producers who had to work with a rationed capital stock:

Ve = YOO 108 wes pe i) = m N [ufe (1) (k)" + (1 — pfe) (1) (wikf)").
Now it is possible to define the locus of the aggregate transaction offers
Fo= (LA 7), KA 1, 7), YA 1, 9) | (A7) € [0,1]°),

as well as the locus of the expected aggregate transaction for varying rationing
signals

Fo= {(MLY(u, ), p KA 1 %), Y (A% 1, 4%) | (A ud, %) € [0,1]%)
with L = )\de(,ud, ”ys), K = ,ude()\da ,udu st)v Y = VSYS(A[a :udv ,YS)

Analogously to the consumption sector we partition F’ with regard to the values
of the corresponding quantity signals A%, u¢ and ~*:

8 )
F =T with
i=1

6Tn this context the question arises whether a firm’s production costs are always covered
even if its goods supply is rationed. In the BCW-model it could be checked that a producer
will never get into debt if the production function is f(I) = al® and in addition the time-
independent conditions @ > 0 and 0 < b < (1 — o) are fullfilled. In our model under the
assumption of f(I,k) = [?k® the financing of the input factors is not always ensured but
it depends on the values of 77 and uf. For details see Forster [1998]. Since this problem
occurs only in extreme situations, e.g. when u? — 0, it will be left out of consideration in
our further discussions.

12



F =F A=1,pd=1~5<1; F=F )\d:Lud:l’,},s:l;
_3 . inl . _4 . inl .
F = F )\dzlyl/«dglﬁsgh F e F )\dzlvﬂdglﬁszl’
_5 Pyp— inl . _6 Pyp— inl .
F = F )\dgl,udZI,’ySSh F = F )\dgl,deI,’ySZD
_7 . inl . _8 . inl

F = F )\dglyl/«dglﬁsgh F e F )\dglvlidglﬁszl'

The locus F is represented in the L-K-Y-space by a ray which starts in the
origin (figure 4). In general, each point lying on this ray is related to several
combinations of A?,v* and pu?. This fact, which is due to the Cobb-Douglas
production function, implies that there is no one-to-one correspondence be-
tween the locus {\%, u? v*|(\%, ud,v*) € [0,1*} and F. In appendix 1 we
supply evidence of this assertion and derive relations between K, L and Y
which are now used to rewrite F' as

1 8 =5 -6 -7 — b
F1:F3:F5:F6:F7:F8:{<L7w—L7ﬂL>‘OSLSLd(l,l)},
ra ap
b
I :{<L,w L,3L>\Ld(udzo,nngLd(udzl,n},
ra ap
F2 o= {(L4(1,1), K%(1,1,1),Y*(1,1,1))}.

Therefore the locus F represents the whole ray except for ¢ = 2 and i = 4.
Due to (5) the ray I does not start from the origin but at L4(ud = 0,~° = 1)
and goes to the final point of the ray F. Moreover the locus of the expectations
in the case A\ = u¢ = v* = 1 is only a point on the ray. Taking into account
the derivatives (4), (5), F? has to be the final point of the ray.

v Y 4 5
- ;
V=1
=1
.;d: 1 N
u
K
figure 4
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A three-dimensional parametric representation of all possible aggregate
transaction offers of the production sector has turned out to be quite diffi-
cult because a certain level of LY, K% and Y* can be explained by various
constellations of A4, u¢ and +v*. For this reason we will restrict ourselves to
illustrating the transaction offers only when we determine graphically as an
example the temporary equilibrium systems 1 and 6.

2.2 Temporary Feasible States

For any period t we can now describe a feasible allocation as a temporary
equilibrium with rationing as follows.

Definition: Given the real wage w,/p;, the real interest rate r;/p;, the
real net profit (1 — tax)Il;/p;, the real consumption of the old agents S;/p;,
the real payment of interest (K;_17;_1)/p:, and the public expenditures G, a
list of quantity disequilibrium signals (A, A%, u$, ud, v¢, 72, 8, B;) € [0,1]% is a
temporary equilibrium with stochastic rationing and allocation (L;, Ky, Y;) if
the following equations are satisfied:

(1) Ly = XL¥ = N LYud,~p),
(2) K=K (\)) = pd K4, g,
_ s
(3) Yi=Y(M, pd,7g) = X4 + @p—t + B,G, (8)
(4)

Q=2 (1=A) =0,  (1—p)(1—ul) =0,
(1_75)(1_%?):07 7?(1—515):0 6r (1= 5) =0.

Conditions (1) to (3) are saying that a temporary equilibrium obtains when

4

the economic agents express, in response to the expectations of the rationing
signals they hold, effective supplies and demands which give rise to expected
transactions that confirm these signals; thus no agent has a reason to change
his proposed action. According to equations (4) not more than one side can
be rationed. Moreover, if demand rationing occurs in the commoditiy market,
the young consumers are rationed first. After their complete rationing, the
demand of the old consumers and, at last, the demand of the government will
be restricted.

We distinguish eight different types of temporary equilibria, called systems,
depending on the prevailing quantity quotas. Their distinctive feature is that
rationing takes place in all three markets. Apart from that there still exist 19
border cases to which the Walrasian Equilibrium belongs as well. In a border
case at least one market is in equilibrium. In the following table 1 we depict
the above-mentioned eight systems. From this it is also evident that the border
cases can be seen as particular cases of the systems.

Since in a state of equilibrium the agents’ expectations are confirmed, an
equilibrium is graphically determined at the point of intersection of the loci of

14



Al <1|<1l|<1l|<1l|=1|=1|=1|=1
MIl=1|=1|=1]=1|<1]<1]|<1|<
wl <l |<l|=1]=1 1 1 =1|=1
|l =11 =1[<1[<1|=1]=1|<1|<
vl <1|=1|<1|=1[<1|=1|<1]=
YWl =1]<1|=1|<1|=1|<1|=1|<1
o || = <1|=11<1|=1|<1|=1|<K1
G || = <1|=11<1|=1|<1|=1|<K1
table 1

the expected transactions of the consumption- and the production sector. Let
us recall figure 3 revealing the partition of H and imagine in addition the ray
F. If F intersects the locus H' then the corresponding system i occurs.

As examples we want to analyse systems 1 and 6 which coincide with
the well-known regimes of Keynesian Unemployment and Repressed Inflation,
respectively, in the temporary equilibrium models without a capital market.

System 1

A temporary equilibrium of type 1 is determined by a triple of parameters
(A7, 15, 77), such that:

ft = )\tsLs = Ld(l,vf),

Ft = :uszS()‘ts) = Kd(17 17729)7

_ S

Yi=Y*(1,1,%) = X4) + p— +G.
t

s

Apart from the border case 7* = 1 system 1 is characterized by an excess

supply in all three markets. Taking into account the definition of the loci ik
and F' a triple (L;, K;,Y;) is an allocation of system 1 if 7

(Ztvftyvt) S

{OL e Ko (A0), v X4A%)) | A € [0, 1], p* € [0, 1], 7" = 1} +{(0,0 >

7Pt

{OLA (), p KON, ), Y S (A, %)) [ A =1t = 1,97 € 0, 1],

that is

+G)}HN

o _ S _
(L, K,,Y,) € [H; +{(0,0, p—t +G)NT,.
t

The intersection of these loci is depicted in figure 5. Note that the concave
curve which starts in the origin and goes to the final point of the ray represents
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Y

Y2 (\)

Y=Xd A+ S/p+G

v
—

K*(A)

figure 5

the locus of the transaction offers of the production sector. In the border case
~v* =1 the ray would end exactly in the area T

The figure reveals that the consumers’ supplies are L® > L; and K; > K,
whereas their commodity demand X&+S;/p; +G =Y, is completely satisfied.
The firms get their factor demands L¢ = L; and K¢ = K;, but they have
to be contented with the goods sales Y, < Y. The resulting quotas A\{ =
LJL% i = K /K8, v =Y, /Y? and X! = pud = ~¢ = 1 are such that, if
expected by the agents at exactly these values, lead them to announce the
corresponding transaction offers (L*, K¥,Y%) and (LY, K, Y;®). Therefore in
that case all expectations are confirmed and no agent has a reason to change
his transaction offer. It must be stressed that the effective aggregate supplies
of rationed agents exceed the actual transactions. This can be traced back to
the uncertainty the agents are confronted with concerning the amount they
can trade.

As we mentioned before, the advantage of the stochastic approach is that it
provides a reliable indicator for the size of the agents’ dissatisfaction with the
exchanged quantities. This indicator can be used for the adjustment of prices.
In fact, consider the ratio of the excess supply and the aggregate supply of the
respective market. Concerning the goods market we obtain 1 —~;. According

TH + {(0,0, S¢/p. + G)} means that each point of ' is shifted by (0,0, S:/p: + G).
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to the derivative
d(1—~%) 1
v

ay®
oy

Ys_i_fys

and the fact that 0Y®/0v* is positive the rationing quota 1 —~* decreases with
increasing sales Y. Analogously 1 — A\ and 1 — yf are appropriate measures of
the size of rationing in the labour market and the capital market, respectively.

System 6

In a state of equilibrium of type 6 there is an excess in labour and goods
demand and rationing of capital supply. In the border case belonging to sys-
tem 6 the labour market is in equilibrium. Hence it is described by a triple
(A, 13, +3) such that

T, = Lt = ML4(1, 1),
R = po (1) = K4\, 1,1),

_ S
V=Y (A, 1,1) = 40 X9(1) + %_t +5G.
t

This implies
4 L® KY(NL 1) 4 Yi—=0Si/p — B,G

s

2\ — = o) —
t Ld(l, 1)7 :u’t Ks(l) ) fyt Xd(l)

First of all we consider the case d;3; = 1. Recalling the definition of the loci
A’ and F°, a triple (L;, K;,Y,) is an allocation of system 6 if
(Zta Fta ?t) S

{OL, o Ko (A0), v/ X40N%)) | A° =1, p € [0, 1], v* € [0, 1]} +{(0,0 >

i
{OL e, 72), KON, 1 9%), 7Y > (M i %) AT € [0,1], pd = 1,9 = 13,
_ S _
= [} +{0.0. L+ G N T
t

+G)}HnN

System 6 is illustrated in figure 6. In the border case \* = A\ = 1 the ray
would end in the area H'. If 0.3, < 1 obtained, Y; would be smaller than the
amount S;/p; + G demanded by the old consumers and the government. In
the L-K-Y-space the corresponding point of intersection would lie below the
broken line.

In contrast to the systems 1 and 6 just described, in an equilibrium of type
3, 5, 7 or 8 the transaction offers are not all uniquely determined by the values
of the aggregate transactions (L;, K;,Y;). As an example we show this for
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figure 6

system 3. In that case there is rationing of labour supply, capital demand and
goods demand. This is expressed by a triple (\;, ud, ~¢) such that

Ly =N L = L(uf, ),
K= Ks()‘f) = Ung(1’Mf>7tS)>

— S,
Y=Y 51, ud,p) = X4 + p—: +G.

The actual labour employment L, coincides with the aggregate labour de-
mand L¢. Due to (3) several combinations of u? and 7* give rise to the same
transaction offer L. Hence with K; < K%(u?,~v%) and Y; < Y*(ud,~*) the
capital demand K¢(u?,~*) and the goods supply Y*(u?,~*) are not uniquely
determined. In fact we can define the set of all potential transaction offers
compatible with (L;, K;,Y;) as

{24 ), K, ), Vo )| L, y) = L, Kt y°) = K,
YY*(ut ) =Y, (u,7°) € 0,17}

In particular this shows that system 3 admits as well the two border cases
A< Lpt <1, =~t=1)and (N < Lp* =pu? = 1,7 < 1). It is
worth bearing in mind that the systems 3, 5, 7 and 8 are represented in the
L-K-Y-space by the intersection of the ray with an edge or a corner.

The existence of a temporary equilibrium is in contrast to the BCW-model
not always ensured. This can be traced back to the Cobb-Douglas-production
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function and the form of the rationing mechanism in the capital market. How-
ever, nonexistence is possible in system 4 only. In our numerical simulations we
overcome this problem by adjusting the interest rate in direction of its market
clearing value until an equilibrium exists. If an equilibrium is achieved, it will
always be unique.

2.3 The BCW-model

We mentioned in the introduction that the BCW-model is incorporated in
our model. This can easily be understood by inspecting the equations (8)

determining the equilibrium allocation in all three markets and by explicating
the functions L(-), K*(-), K%(-), Y?*(-) and X¢(-):

1. NL? =
—— (bpy 1_2_1’ apy 1:3; _1=b_ 1
)\gn,(f}/f) 1—a=b <—> (—) (Mtd) 1-a—b [5 —+ Uf_l(l — 5)] l—a—b’
Tt Wt
w 1 —tax)Il K qre
2. ui(l—h) l)\f_th+( )L I t—1T¢ 1] _ (9)
2 Dt 2
1—a a
s —L_ bp 1—a=b aps\ l-a—bd _a _ 1
o e (M) T (A2 T e g ot - e,

3. ' N e 1KY + (1 — pfe)l*(vik)"] =

1 — tax)II K qr_ S,
( ax) t+ t—17t 1] —l—5—t+ﬁtG.
Pt Dt Dt

If we then consider the case lim;,_ and assume K;_ir;_; = 0 for the initial

w
vih le—th +
Dt

period, we obtain the equations for the BCW-model: 8

1
1 —a
(1) AL = \n'(y") T (—ap t) o

Wy

1 — tax)II
(2) M =fh [AE%LS y (1fan)ll t} il
bi

+0— + BG.

Pt Y2

We have left out the equation for the capital market because the capital de-
mand becomes zero. Note that in an equilibrium this transaction offer is
only compatible with the quantity signal u¢ = 1. Consequently the state of
Keynesian Unemployment in the BCW-model coincides with regime 1 in our
model. Moreover the Classical Unemployment regime, the Repressed Inflation
regime and the Underconsumption regime correspond to system 2, system 6
and system 5, respectively. Other types of equilibria can never occur in the
BCW-model.

8When we investigate the dynamic behaviour of the BCW-model by means of numerical

simulations we have to make the assumption of a downward interest rate rigidity in addition
to b = 0. This restriction is necessary for technical reasons.
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2.4 Representation of the Equilibrium Regimes in the
p-w-r-Space

The unambiguous determination of an equilibrium allocation (L, K,Y’) makes
it possible to partition a price-wage-interest (p-w-r-) space into subspaces in
such a way that all p-w-r-combinations of a subspace give rise to a certain
equilibrium state. This has been done with the help of a graphic software for
the following numerical example:

a=05 b=025 m=200 L°=800 II =150
S=300 tax=02 G=20 h=0.474

The market is in the Walrasian Equilibrium when

P =15 =075 w*=0.375.

The decomposition which is shown in figure 7 is generally valid, since it could
be proved in Forster [1998] that the values of the parameters do not affect the
qualitative appearance of the border curve and the border areas.

We obtain the result that the graphical counterpart of systems 1, 2, 4 and
6 are subspaces. The regimes 3, 5 and 8 are degenerated to border areas and
regime 7 even shrinks to a curve. Moreover the border cases G1 (A\* < 1, p® <
Ly =+94=1),G4 (M < Lp' =p? =19 < 1) and G6 (\* = X\ =
1,u* < 1,74 < 1) separate regimes 1 and 2, regimes 2 and 4 and regimes
2 and 6, respectively. The marked black point represents the p-w-r-triple
which generates the Walrasian state. Moreover all border areas and the border
curve touch each other at the Walrasian point. The existence problem is not
considered in the three-dimensional chart because otherwise the view would
be reduced. But it should be kept in mind that not all p-w-r-combinations
represented by points lying in the subspace 4 really lead to an equilibrium.”*°

In the following we want to demonstrate by means of system G6 how a
border area is determined. The calculation of all the other border areas in-
cluding the border curve and the proof of the degeneration of the systems 3,
5, 7 and 8 in the p-w-r-space to areas and a curve, respectively, are given in
Forster [1998]. Starting point are the equations to determine the allocation in
state G6:

9Due to the employed software it was convenient to depict the lists of data instead of the
corresponding characteristic functions of the systems. Though the effect is that the areas in
the graphic do not border directly on each other and therefore small gaps emerge.

10The arrows will be interpreted in the next section.
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figure 7
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L¥ = L1, 1,w,p,7),
MSKS(17w7p) = Kd(17 17w7p7 T)’

S
Ye(1,1,w,p,7) = vX41,w,p) + 6— + BG.
p
Taking the first equation and replacing L%(1,1,w,p,r) by means of (3) and

(7), we get, after some transformations, the following function for r which
represents an area in the p-w-r-space:

1—a—b 1_—bb 1
m b a b pb
pom b ol et (10)
(L*) b

w
Taking into account (19), the situation in the goods market is described by

S
EL<Xd(1,w,p)—|———l—G.
ap b

Using (2) for X4(1,w, p) and L = L* we rewrite the inequality as

1
wL?® <— — h) —h|[(1—tax)ll + K;_yrpq] — S
a

e .
Now we consider the rationing in the capital market. From relation (20) we
obtain

p >

wh L < K*(1,w,p).
ra

Substituting of L by L* and K*(1,w,p) by (1) we get
EQLS <(1-h) <ELS N (1-— tax)H—l—Kt_lrt_l) ‘
ra P P

Replacement of r by (10) and rearrangement of terms yields

1 l—a
wI-b(L%)Tob
P>

()

l1—a—b 1
m 1=b a1-b[(1 — h)w L* + (1 — h)((1 — tax)Il + K;_1r,1)]1-b
Observe that the two inequalities for p determine the range of definition of the
border area.

2.5 Theoretical Considerations about Dynamics

So far our analysis of the economy has been essentially static. For a given vector
(wi /Dty ¢/ pe, (1 —tazx)ly/py, Si/pe, Ki—171-1/p¢) we have defined a temporary
equilibrium with quantity rationing and described the corresponding allocation
(L,K,Y). Now the intriguing question arises how the economy develops over
time. To answer this we have to investigate the dynamic behaviour of the state
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variables (wy, pg, 1, Iy, K171, 5;) which, in addition to time, depend as well
as on the parameters (a,b, h, G, tax, L*,m). It will be useful to express the

state variables in real terms as follows:
Wy ;T . St o IT;
Qp = —, Ty = —, St = —, Ty = —, 2
Dt Dt Dt Dt 1%

. Ky 11

Concerning price adjustment we adopt the usual assumption that prices fall
(rise) when there is an excess of demand (excess of supply). This can be
expressed by

P > P = <1, Piv1 <Py = 7 <1,
Wi > wp = A <1, Wi < wp = A <1,
Tl > = ul<l, Tl <1 = ui <l

The arrows in figure 7 indicate the directions of change in price, wage and
interest for the regimes 1, 2, 4 and 6. As we mentioned before, prices are
adjusted according to the strength of rationing which, in the stochastic ap-
proach, can be measured in a satisfactory manner by means of the quantity
signals. For the numerical simulations the adjustment functions are specified
in the following way:!?

—2
s : s 46 .
1= () pe, i <1, pa = (%) p, if 48 < 1,
Wi = (A))wy, 1A <1, w = ()T, if A <1,

T = (u) g, if p < 1, Terr = ()21, if ud <1.

The nonnegative parameters 11, 1o, 11, 5, 01 and og, determine the velocities

of adjustment. If, for example, vy is set to zero, we will simulate downward
wage rigidity. From the above real adjustment functions we derive the ones
for the real wage:

e P
g1 = W o if (L,K,Y) € system 1,
Q1 = —, | (L,K,Y) € system 2 U system 4,
<%§i + 0y + ﬁt)
3

HFigure 6 reveals that starting from system 1 or system 2 the economy approaches the
Walrasian state in all probability. In system 4 and 6 the economy tends to move away from
the Walrasian equilibrium because of the prevailing price adjustment. Concerning systems
3, 5 and 7 it could be shown in Forster [1998] that the economy will always turn into system
1 although the corresponding quantity signals and consequently the price, wage and interest
adjustments are not uniquely determined. Regarding regime 8 it cannot be clarified if there
is a change to system 4 and system 6, respectively.

2Following Bignami, Colombo and Weinrich (2000), a more general formulation is given
in appendix 2.
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)~

<%d + 0y + ﬂt) v
3

Qpyq = a; if (L,K,Y) € system 6,

and the real interest:

T, = (i) T, if (L,K,Y) € system 1
t+1 — (,yts)wl t ) ) y )
T = (12)” —5; 7 i (L,K,Y) € system 2 U system 6,
Vi + 0 + By
3
(pi) = PR
Tiy1 = —r; if (L, K,Y) € system 4.
WG+ B
3
For the growth rate of the price level 6; = p;11/p; we get:
0, = (v3)¥ if (L,K,Y) € system 1,
d 5 —2 o
0, = (%ﬁ@) if (L,K,Y) € system 2 U system 4 U system 6.

The adjustment equations for the state variables m;, z; and s; result directly
from the structure of the model. Since 7; and z; depend on the actual trans-
actions in the three markets, we derive first the functions to determine L;, K,
and Y. For this we use the two-dimensional projections of the loci H and F on
the L-Y-plane and L-K-plane, respectively. This is possible because through
the projection no information gets lost about the loci. Consider the L-Y-plane
in figure 8. We define a function

IY (L) :=hoyL + h(1 —tax)m, + hz + G + s

which represents for 0 < L < L* the projection of H' + {(0,0, s, + G)}'3 and
H + {(0,0, s, G)} and for L = L* the projection of H + {(0,0,s; + G)}
and H' + {(0,0,s¢,G)}. In sum, it is the locus of the transactions L and Y
expected by the consumers for the case \* < 1 and v¢ = 1. Moreover we define
a function
AY (L) = 1oth
a

which is according (19) in the range 0 < L < L%(1,1) the projection of the
ray F' on the L-Y-plane. Since h < 1 < 1/a there exists L> 0 such that
I'Y(L) = AY(L). More precisely we obtain

13Henceforth we shall write the projection of the loci H' + {(0,0,s: + G)} as F; and F
as F.
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~ h[(l—tax)m + 2] + G+ s

L: 1 =: Z (Oét,ﬂ-t,Zt,St). (12)
(11
a
Y A

Y= 1)

Y= 0)

LS
figure 8

Now we turn to the L-K-plane in figure 9. We define a function I'}(L) as
I'5(L) .= (1 = h)oyL + (1 — h)(1 — tax)m, + (1 — h)z

which, in the range 0 < L < L*, coincides with the loci Fz and Fi and for
L = L* with H; and Hf) (where F; denotes the projection of the locus H' C R?
into the L-K-plane). Hence it is the locus of the consumers’ expectations L
and K for the case A* < 1 and p® = 1. Furthermore, according to (20) we
define a function

b,

Ty a

AF(L) =
which denotes in the range 0 < L < L9(1, 1) the projection of the ray F on the

L-Y-plane. Consider L* such that T'/(L*) = AX(L*). If it exists, it is given
by

e (1= h) [(1 —tazx)m + 2] r = L*(ag, 7T, 2). (13)

ay <g —(1—=nh) r{)

L* is positive if b/a — (1 — h)r; > 0.
Concerning the L-Y-plane various parameter constellations can either cause
the ray F, to cross F;, Fz (including FZ, F;) or FE, Fi or to remain inside

the rectangle (now the index p indicates projection into the L-Y-plane). In

the first case the employment at the point of intersection would be Z, in the
second L* and in the third L¢(1,1, a4, 7}). Analogous considerations for the
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KS(A°= 1)

KS(A\°= 0)

LS
figure 9

L-K-plane yield that the employment can be L, L4(1,1,a4,7}) or L*. The
equilibrium level of employment is determined by means of both projections.
It is then evident that L, is given by

L, =min{L (-),£*(-),L*, L*(1, 1, o, ¥} =2 Lov, 7 0, 20, S1).- (14)

If an equilibrium exists, the capital transaction K, and the goods transaction
Y, result from
Ft = A{{(Zt) = IC(Oét,'f’;, Tty 2ty St)
Y, = Af(zt) =: V(u, Ty, T, 24, St)-

Now the development of s;, z; and m; is described by the following adjustment

(15)

equations:

1 _ _
Sip1 = — (1 — tax)Il; + Ky_qri—y + wily — peXy] =

DPi+1
1 _ _

]9—1[(1 — tax)lly + K_1rio1 +wely — pYo + 6,5, + Bipi G =
-+

1

9_(5t$t + ﬁtG + (1 — tal’)ﬂ't + Zt) — 41 — 241,

t

1
Zt41 = IC() T; 9_t7

Mt = 5 V0 = @ L) = KL
The dynamic behaviour of the economy is given by the sequence
{(au, 1}, ey 21, S¢) }52, where the state variables satisfy the corresponding ad-
justment equations.
A distinctive feature of our model is its dynamic feedback structure which
is illustrated in figure 10 in form of a flowchart. Note that variables are written
in circles and functions in boxes. 26



- Y ) M ®
o MM FEPTA N ®
.—h—’( W )j“ MM
® M M Vo, N Ahhrhe
J\A@/
‘—> - r J-‘_. v v
L M Eu(Y, Yd 3, B) . 8] W [6sHB3G+(1-tax)e7] - Pz_r Y-aL-Kr’ el
/LM, ) ) )
[ W ) N AN )\f) a
T— G0V 8R) Y
—— I M
K
= ?r mMm m m
— Y-al - Kr'_
> 0 0

figure 10



2.6 A Modification: The Model with Permanent Capi-
tal Market Clearing

In this section we consider our model under the alternative assumption of
permanent capital market clearing. The prerequisite for this is that for any
price-wage-combination there exists an interest rate which clears the capital
market in accordance with agents’ expectations. In appendix 3 we prove that
this is true. Under these circumstances, at the end of a period the interest rate
is not adjusted any more according to the rationing situation in the capital
market but instead it is set at its market clearing value for the subsequent
period.

The interest rate depends on the prevailing system or, which is equivalent,
on the point of intersection of the curve L£*(r’) with f(r’). To determine
the equilibrium rate r; we define a function R which is obtained by equating
L*(ay, 7y, 2, 1}) to L,

~ LSOét b

" AW (0 taa)m + ) T a(l = WDa, % O,

and a function R* which results from the equation
E*(Oét, Tty 2ty Té) :»C (Oét, Tty 2ty 8t> as
blh((1—t G
- [h(( ax)m + z) + G + 84 R 81).

(1—=h)((1 —taz)m + 2z) + (a—ah) (G+ )

The equation L£*(ay, 7, 2¢,7) = L1, 1, aq,7}) cannot be solved explicitly for
;. Its solution, here denoted 7°, is nevertheless given implicitly by the equation

(1=h)((1—tax)m + z) (TQ)%
oo

The equilibrium interest is then defined by

b 1-b —140b
— n! bT=a=F gT=a—b yT=a-b = ().

ry = Min{R (ou, 7, 20), R* (e, 21, 8t), R (o, i, 24) } =2 Rew, w4, 21, St)-

With this variant of the model the interest rate is a function of all the other
state variables of the same period, for which the adjustment equations derived
in the previous section still hold true.

3 Simulations

The dynamical systems of the model with credit rationing, called model I, and
the model with permanent capital market clearing, called model II, are not
tractable analytically. This is due to the piecewise definition of the adjust-
ment equations and the necessity of calculating feasible allocations and the
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corresponding quantity signals. From (14) and (15) the functions L£(-), K(+)
and Y(-) to determine (L, K,Y) are nonlinear and in some cases the rationing
signals can only be determined with numerical methods. Hence the use of
numerical simulations is unavoidable to gain an insight into the dynamic be-
haviour of both models. We use the computer program MACRODYN which
has been developed by V. Bohm, M. Lohmann and other members of the
research group on macro dynamics of the University of Bielefeld to analyse dy-
namic macroeconomic models. MACRODYN consists of the programs and the
numerical tools for the investigation of systems like the ones presented here.
In particular we show below time series, bifurcation diagrams and cartograms.
Concerning the implementation of model I and model II, the reader is refered
to appendix 4.

Carrying out the numerical simulations for model I requires to assume val-
ues for the following parameters: production function parameters (a,b), price
adjustment speed downward and upward (psil,psi2), wage adjustment speed
downward and upward (nul,nu2), interest rate adjustment speed downward
and upward (omikronl, omikron2), initial values of the state variables (real
wage alfa0, real money stock mrealQ, profit level pg0, real interest rate rreal0,
real interest z0), labour supply (Ls), exponent of the utility function (h), pub-
lic expenditures (G), proportional tax rate (tax), number of producers (m),
number of iterations (simd), structural parameter of the rationing mechanism
in the capital market which is relevant to the producer (epsilon), parameter to
fix the strength of the manual interest rate adjustment (f). The simulations
for model II are based on the same parameter set except for the parameters
omikronl, omikron2, epsilon, f and rreal0.

Our numerical investigations focus on the role of the capital market for the
dynamic development of the economy. Doing this, three different scenarios can
be simulated: credit rationing (model I), permanent capital market clearing
(model II) and the absence of a capital market (BCW-model). Moreover we
are interested in the existence of Non-Walrasian steady states.

First of all we start from the following Walrasian equilibrium set:

a=0.5 b =0.25 psil = 0.1 psi2=0.1 |nul =0.1

nu2=0.1]0l=0.1 02 =0.1 m = 200 h =0.474

pg0 = 100 | alfa0 = 0.25 | mreal0 = 200 | rreal0 = 0.5 | z0 = 100

Ls =800 | G =20 tax = 0.2 e=0.5 f=1.2

and we consider a reduction in the value of the initial real money stock to
mreal) = 100. In figure 11 and 12 we present time series of capital, output and
employment for model I and model II. It is obvious from them that the economy
returns faster to its Walrasian state in the case of permanent capital market
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clearing than in the case of credit rationing. The difference is particularly
significant in the capital market. In model IT the Walrasian level of capital
transactions is reached after a transitional phase of about 60 periods whereas

in model I not until 80 periods.
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model I model 11

output
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time time

figure 12

Next we carry out a bifurcation analysis. With this tool we can investigate
to what extent a variation of a parameter for the same initial values causes
a change in the qualitative behaviour of a dynamical system. We confine
ourselves to considering the effects of varying the government demand within
an interval of values which are economically meaningful. The results for model
I and model IT are shown in figure 13 and 14, respectively.

The bifurcation diagram for alfa in figure 13 shows convergence toward a
fixed point for values of G lower than 20, whereas for higher values it displays
complex behaviour. The fixed points portray steady states in system 1, that
is stationary states with Keynesian Unemployment. This is confirmed by the
bifurcation diagrams for employment and teta. The bifurcation diagram for
alfa in figure 14 shows only fixed points. At values of G lower than 20 the points
can be identified with the help of the bifurcation diagrams for employment and
teta as steady states in system 3. These are stationary states with Keynesian
Unemployment and capital market clearing. Values of G higher than 20 lead
to steady states in system 8.

Now the intriguing question arises how the qualitative behaviour of the dy-
namical systems will change if the importance of the capital market is reduced
more and more until in the end the transition to the BCW-model is performed.
To answer this we use a new and powerful tool, developed by Lohmann and
Wenzelburger [1996], to detect cycles and non-cyclic behaviour by variation
of two parameters. We consider in addition to a change in G a decrease of b
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from 0.25 to 0.0001.}* The outcomes for model I and model II are visualized
in so-called cartograms (figure 13). Note that the second cartogram for model
I holds for a tax rate of 0.5. In these cartograms the colour attached to each
point (b,G) reflects a certain type of dynamics. The range of colours informs
then about the detecting cycles in the respective cartograms.

The cartograms for model I supply evidence of fixed points, cycles of differ-
ent order and non-cyclic behaviour. Moreover, for b close to the value 0.0001
which simulates the BCW-model, the cartograms display only fixed points. It
is obvious that convergence behaviour increases for a tax rate of 0.5. From the
cartogram for model II it can be seen that all colours except magenta have
vanished. This means permanent capital market clearing gives only rise to
convergence to fixed points. In order to find out if this result is more generally
valid we turn to the following numerical example:

a=0.85 |b=0.01 psil = 0.4 psi2=04 |nul =0

nu2 = 0.4 | ol = 0.00001 | 02 = 0.00001 m = 100 h=0.5

pg0 =15 | alfa0 = 0.85 | mreal0 = 46.25 | rreal0 = 0.5 | z0 = 0

Ls=100 |G=17.5 tax = 0.5 e=20.5 =12

Now we consider in the cartograms shown in figure 16 the effects of changes in

both government policy parameters for a fixed value of b. The cartograms re-
veal that for the BOCW-model and model IT dynamic phenomena like cycles and
non-cyclic behaviour are possible as well. Nevertheless the regular behaviour
in model II predominates in comparison with model I.

4 Concluding Remarks

The goal of our paper was to clarify the relevance of the capital market for
the economic situation. We have presented a new line of approach to the
problem of credit rationing by introducing a dynamic macroeconomic model
with three distinctive features. First it is founded on microeconomic principles
since the transaction offers of the consumers and the producers are the explicit
outcomes of their optimization behaviour. Regarding the second, transactions
take place in every period which is not dependent on whether the prices are
at their market clearing values. For describing a consistent allocation in each
period we employ the temporary equilibrium concept with quantity rationing.
Finally agents are confronted with stochastic rationing mechanisms in all three
markets. Due to this assumption we obtain an appropriate measure for the
strength of rationing which is decisive for the price adjustments. Within a de-

14For technical reasons we cannot set b exactly to zero.
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terministic framework it would be difficult to do justice to this fact without
generating new conceptional problems. The model without a capital market
presented by Bignami, Colombo and Weinrich (2000) served as a basis for
our model and moreover it is included as a special case in it. In addition it
could be proved that the structure of our model allows a modification to the
effect that the capital market is always cleared. Thus we could investigate our
central problem under the different circumstances of permanent capital market
clearing, of credit rationing and of the absence of a capital market.

For our model with credit rationing we presented a decomposition of the
price-wage-interest-space (p-w-r-space) into subspaces which correspond to cer-
tain equilibrium regimes. We realized that four of eight systems degenerate
to an area or even to a curve. Moreover with this graphical tool and the
theoretical considerations on dynamics we gained first insights in the dynamic
behaviour of the economy. We restricted ourselves to partition the p-w-r-space
for the model possessing the highest complexity. Nevertheless it is worth not-
ing that analogous static analysis have been carried out for the other two model
variants as well which can be seen in Forster (1998).

Valuable information about the model’s dynamic behaviour results from
the numerical simulations. It was not possible to perform an analytical in-
vestigation since the respective dynamical systems are stepwise defined. The
cartograms give evidence of fixed points, cyclic and non-cyclic behaviour for
all three model variants. The ones for the model with credit rationing stand
out from the others because they indicate a distinctive complex behaviour.
Moreover, the bifurcation analysis provides the evidence of steady states with
credit rationing. This contradicts the widely-spread opinion that slowly ad-
justing interest rates generate only temporary credit rationing, and strongly
motivates further research in this field.

A promising improvement to be tackled in forthcoming studies is of course
the modelling of the capital market. For the moment it is structured in a
simple way in order to ensure the tractability of the model. In detail, we
intend to introduce a bank and bonds in order to investigate the impact of
credit rationing on the efficiency of monetary policy. Apart from that an
analytical investigation of steady states and a more complete computational
analysis of the dynamic behaviour of the models would be of interest.
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Appendix 1

We want to prove that, with the production function f(I, k) = [*k®, the corre-
spondance between the locus {(A%, ud, v*)|(\4, u?,v*) € [0,1]3} and the locus
of the aggregate expected transactions of the producers F as defined in the
main text is not one-to-one. To start with, the following relationships are

immediate:
of(l,k) a _Of(lk)a _Of(l,vk)a

On the commodity market the producers expect transactions at a rate of
Y =Y (A, p?,7%) = " mA e f(14 k) + (1= pfe) F(1, 0 k)]

Taking into account equation (16) yields

14 af (14, k%) af (14, v k%)
Y =m\ — (yple——= 4+ (1 — ple)y ——— . 1
m a(v e~ TA—ueh =55 (17)
Maximization of the expected profit
w r
g(l,k) = pler’f (1 k) + (1 — ple)y* f(lv k) — » = Z—Qudk
leads to a first order condition, which we write as
af(l, k) of(l,bvk)  w
d S ) d s )
4+ (1- - = 1
pley = + (L= ple)y’ ——, 5 (18)
Substituting this in equation (17), we get
1
Y=mxt-2=2p (19)
ap pa
Similar calculations for the production factor capital result in
b
Y =Y\ %) = o pt KON ) = K = K =L (20)
pb pb ra

(19) and (20) show that F is a ray (in :#?) and hence it cannot be isomorphic
to the cube [0, 1]3.

Appendix 2

We consider the price adjustment function

Pi+1 = fw(%i %fl, Ot ﬁt) ygs

and define 1) = (¢1,1), with ¥, and v, as the downward and upward adjust-
ment speed, respectively. Taking into account the equations vZ(1 — §;) = 0
and 0;(1 — ;) = 0 (condition 4 of definition 8), we assume

gw(]w 1a ]-7 1) - 17 V?/),
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Es(08 700 8) <1 = 7 <1, Vipy > 0,
E(,7, L) > 1 = 0<9f <1, Vi >0,
Ep(77,0,0,,1) >1 = 0<d <1, Vi >0,
§(17,0,0,8) >1 = [ <1, Vi, > 0.
The wage adjustment function is given by
wirr = G (AF, AY) wy
with v = (v, 1) and
¢.(1,1)=1, Wy,
G <1 <= A <1, Vi >0,
GALA) >1 = M <1, Vin>0.

Analogously for the interest adjustment mechanism holds

rier = Xo(Hy, 1i) 7,
with 0 = (01, 09) and
Xo(1,1) =1, Vo,
Xolui, ud) <1 = s <1, Yo, >0,
Yolps, pd) >1 <= pud<1 Vo, > 0.

The families of functions {£y}y>0, {C }o>0 and {x,}o>0 are assumed to possess
the following properties:

(I) &y, Cu, Xo are differentiable and

0%y 8& %<Q %<Q

> O 3 S 0 P iy ) _— )
oy — ! 96, 0B
8CV aCV 8X0 aXO

> — < > <0.
8>\§—O’ 8>\§_O’ 8/#_0’ 8Mt_0

(II) ] > 1y implies
Ey (V7 1,1) < & (07,94, 1, 1), Y (98,94, 1,1) such that vf < 1,9/ =1
and 1} > 1y implies
Euy (V85 01, Be) > € (05,9800, Be), Y (08,41, 0, Bi) such that 47 = 1,9 < 1;
vy > vy implies
G (AL A < G (A5 AD), V(A5 AY) such that Aj < 1,XAf =1
and v, > v implies

a8 D > Cu(A A, ¥ (A7, AY) such that A = 1,24 < 1;
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0] > oy implies

Xoy (155 11) < Xoy (5, 1), ¥ (pf, ) such that pg < 1,pf =1

and of, > 0y implies

Xo, (155 1) > Xop (15, 1), ¥ (p1f, pf) such that o7 =1, pff < 1.
(LII) &()=1 G()=L x()=1

Note that this general formulation contains the functions specified in the main
text as a particular case.

Appendix 3

We want to supply evidence for the existence of a market clearing interest rate.
First of all we have to clarify in which systems an equilibrium in the capital
market can occur and how the equilibrium level of employment is determined.

In system 3 the constellation ;* = ¢ = 1 can be associated with rationing
of labour and goods supply (A* < 1,7* < 1) or with rationing of labour but
an equilibrium in the goods market (A\* < 1,7% = 4% = 1). If we consider
the projections in figures 8 and 9, a state of type 3 is given when there is an
intersection of Fi with Fj; in the L-Y-plane and, at the same employment level,
an intersection of Hi with Fi in the L-K-plane. Taking into account equation
(14) for L; and the definitions of I and L* it follows from the projections that in
the case (A\* < 1,7° < 1) the equilibrium level of employment is L; = L* =1
Moreover, if we assume (A\* < 1,7 = ~%) in both diagrams, the respective
projection Fi must end in the corresponding Fi, and thus the equilibrium
level is Ly = L* == LA(1,1, oy, 7}).

In regime 4 capital market clearing is possible in connection with (\* <
1,7¢ < 1). In this particular case the projection F;l, in the L-K-plane ends in
Hﬁ. Then the resulting equilibrium employment is L, = L* = LY(1, 1, oy, 7).

System 7 includes several cases with an equilibrium in the capital market.
Specifically these are (A < 1,7* =% = 1), (\* = X = 1,7* < 1), (\? <
1,7 <1)and (\* = X\ = 1,7* = 44 = 1). According to the two-dimensional
projections we obtain the equilibrium employment L, = L* —I= L* which
equals L(1,1,ay,7}) in the Walrasian state.

The temporary equilibria with capital market clearing (A4 < 1,7? < 1) and
(A* = X4 =1,7% < 1) belong to system 8. The equilibrium level of employment
amounts to Ly = L* = L* and L, = L* = L* = L4(1,1,ay,7}), respectively.
The latter arises if in the L-Y-plane Fi ends in Fi and in the L-K-plane Flg}
ends in the corner point Fi.

From these considerations we reach the conclusion that, due to uniqueness
of equilibrium, capital market clearing necessitates the equality of L;, L* and
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at least one of L*, L4(1,1, ay, r}) and L. The question therefore is whether there
always exists a real interest rate at which L* coincides with the minimum of
Ls, L and LY(1,1, oy, 7}) for all possible values of all other state variables and
parameters.

In order to answer this we have to investigate next the functions L%(r’), L*
and ﬁ with respect to their dependence on 7’.'® L* is constant, ﬁ is according
to (12) independent of r" and from (3,7) L%(r’) decreases with an increasing
interest rate. We define a function f(r’) as

F(r') = Min{L*, £, L*(+')}.

This function is (weakly) monotonically decreasing and satisfies lim,,_ . f(r’) =
0. By (13) the function £*(r’) starts in the origin and is strictly monotonically
increasing. Therefore there must be an intersection of f(r') with £* at a r{,

(figure 17) which proves the existence of a market clearing interest.®
f(r), L) 1 ) L*(r)
f(r)
. » I
rOﬁgure 17

Appendix 4

The theoretical considerations on dynamics of model I in section 2.5 revealed
that the adjustment equations depend on the prevailing type of equilibrium.
For the numerical simulations we have therefore to formulate an algorithm
which is also capable to determine this type. Since the equilibrium level of
employment is uniquely determined by the minimum of Z, L*, L* and L%(-),

15 All other variables are assumed to be constant and therefore they do not appear in the

lists of arguments.
16This figure shows only the qualitative behaviour of the curves.
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the following procedure provides a comparison of the variables: 7

if Zg L* and Zg L) and < L*, then system 1 (5),

if L<L® and L<L%) and L>L* then system 4 (3,7, W),
if 1<L® and L> L) and L%-) < L*, then system 2,

if L<L* and L> L) and L%-)>L*, then system 4,

if L>L° and L*° < L) and L° < L%, then system 6,

if I>I1° and I°< L) and L*>L*,  then system 4 (8),

if I>L° and L°> L) and L%(-) < L*, then system 2,

if L>L° and L* > L4(-) and L4(-)> L*, then system 4.

The degenerated cases 3, 5, 7 and 8 including the Walrasian state (W) are not
explicitly determined but assigned to system 1 and system 4, respectively.'®
This simplification is justified by the fact that these states can be seen as
special cases of the latter systems and moreover will almost surely never occur
in the numerical simulations.

Now we can formulate the system specific equations for the allocation, the
quantity signals and the state variables:!"

System 1

Employment level: L, :Zt; output level: Y, = i L;:; capital stock:
a

_ b— L
K, = %E L;; rationing signals’ values: X =1, pf =1, 7 =1, A\ = L_i’
s = K v = (o) ;
! (1—h)(oy Ly + (1 — tax)m + )’ t (n/)1-a=b <g)a ﬁ )
Q; Tt

17Concerning the calculation of Z, L*, L* and L%(-) it must be considered that after (13)
L* is only positive for b/a — (1 — h)r, > 0. If this condition is not fulfilled in the programm,
L* receives the value L? + 1, in order to exclude L* as minimum.

8Regime 5 can be understood as a particular case of system 1 if we take into account
that the triple (\Y = 1,u® < 1,4® < 1) also generates a state of type 5. Considering the
cases (A* < Lu? < 1,7 =1), M = 1,p% < 1,7 < 1) and A\ = 1,u? < 1,7? < 1)
characterizing system 3, 7 and 8, respectively, the assignment to system 4 is reasonable.

19The respective adjustment equations for price, wage and inflation rate can be taken
from section 2.5.
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T /
Ktrt.
0,

profit level: m; = 9—(7,5 —ay Ly — v} K;); interest: z,1 =
t

1
(St + G+ (1 - tal’)ﬂ't + Zt) — 41 — 2415

money stock adjustment: s, = 7
t

System 2

_ _ _ b_
Lo=Lf V=70 Ki="-Ts M =1, pl=1 =1

Ty

>\S_zt s _ Ft

T e T (1 —h)(o¢ Ly + (1 — tazx)m + 2¢)’

- Y, )

lfYt<G, then:ﬁt:5, (St:O, 715207

- = Y,-G

ifY, > G, butY, < G+s, then: g, =1, & = — .l =0;
St
?t—St—G

ifY, > G+ s, then: =1, & =1, ~i=

h(ay Ly + (1 — tax)m; + zt);
Ft 7’2'
0, ’

Tt4+1 = H_(?t - Oétft - Tékt% Zi+1 =

St+1 = ) (5t$t + BG + (1 — tax)m, + 2¢) — M1 — 241
t

System 4

. b
Li=L; Y, = —'th; K= 2T M=1, =1, %=1,
TtCL
L, —C?+1— ) ct
Y- P S Vo ————C2+C4
LS €
K l1—a—b
with C' = (%) 20

20The quantity signal u? can only be solved analytically for certain values of the parameter
b of the production function. The equation for u¢ which is given above, holds for b = 0.5
and on condition (1 — ) < C < 1. In our program u? is calculated for any value of b by
means of the numerical method Regula Falsi.
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Y,

ifY, < G, then: = 3 6 =0; 9 =0,

Y- G
St
?t — St — G )

h(ay Ly + (1 — taz)m, + 2)’

lf?t > G, but?t <@ + Sy, then : ﬂt = 17 (515 = ; ’)/td = 07

ifY, > G+ s, then: B=1; §=1; 7¢=

Ft 7’;
0, ’

1 — _ _
Tt4+1 = H_(Yt —oy Ly — 7"2 Kt)% Zi+1 =
t

1
Sty1 = 9_(51‘,515 + ﬁtG + (1 — tCLI‘)ﬂ't + Zt> — Tl — Zt41s
t

System 6

_ — _ b —
Li=L% Vi="Ty K, =" "Ly =1 pl=1 =1
a T a

)\d_z. s _ K .

LLY He = (1 —h) (¢ Ly + (1 — tax)m + 2)’

— Y

ifY, < G, then:ﬁt:é; 5 =0; =0

_ _ v, —

lfYtZG, buth<G+St, then:ﬂt:h (515: ¢ G, f)/g:07
St
?t—St—G

ifY; > G+sy, then: =1, §,=1; v =

h(cy Ly + (1 — taz)m, + 2)’
Ft 7’2 .
0, ’

1 — _ _
Tt4+1 = e_(Yt —oy Ly — 7"2 Kt)% Zi+1 =
t

1
St+1 = 9_(6t5t + BG + (1 — tax)m + 2) — M1 — 21
t

For the implementation of model II we have formulated an algorithm to
determine the temporary equilibrium states which consists of a comparison of
the interest rates 7, r* and 7°.2' In model II regime 7 including the Walrasian
state represents a degenerated case which we assign to system 8.

21Gince the value of 7° cannot analytically be determined we employ again the numerical
method Regula Falsi.
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if r<r* and 7<7r°,  then system 8 (system 7, W),
if 7<r* and 7>7r°  then system G4,
if r>7r* and r* <r°, then system 3,

if 7>7r* and r*>r° then system G4.

In the following we give the equations for the analysis of systems 3, 8 and
G4 which occur in model II.

System 3

real interest rate: 7} = r°; employment level:

— 1— 1-— I, + Ky ry _ _
L, = ( I tax)Tl, + Ky 7] 7ﬂlt; output level: Y, = il Ly;
a

b
it — (1 —h)wtrt
. - Oét b - . . 5 d d
capital stock: K; = — — L;; rational signals’ values: \{ =1; puf = uj = 1;
Ty a
7 Y, )1-a—b
V=1 A= L—z; v = (") - 7, inflation rate: 6; = (43) ¥
(n/)1-a=b <£) <E>
/
Qg Ty
1 — — — K,
profit level: 7 = 9—(Yt — oy Ly — ry Ky); interest: z;.q = Ht L,
t t
. 1
money stock adjustment: s, = H—(St + G+ (1 —tax)m + 2) — M1 — Ze41;
t
: (A"
real wage adjustment: a1 = —— ay;
(7)o

System §

/

5 T (1 =h)[(1 —tax)Il; + Ky rp—q] 7

Ty =] t — )
wy py b
tat — (]_ —h) Wt Tt
— A — - Oétb— s s s zt

- Y
ifY, < G, then:ﬁt:é; 5 =0; =0

45



V.-G,

ifY, > G, butY, <G+ s;, then: 3, =1; §, = ;oyl = 0;
St
p— ?t—st—G
ftYy, > G then: B, =1; & =1; 7l = — ;
ifY, > G + s, then : 3, t Vi T(cw Ly + (1 — taz)m + 21)
d —2 T o)
+ 6+ 1o o Ker
0 = LTI A s M1 = (Y= Ly — i Ky); 21 = tt?
3 0, 0,
1
St41 = 9_(6t5t + G + (1 — tax)m + 2¢) — Teg1 — Zeg1;
t
d P2
Ve + 0 + 5
3 .
Q1 = ()\g)m Qi
System G4
7’2 _ 7’*; zt _ (1 — hg}(;_btaz)ﬂt + Kt_l Tt—l] ’r’t;
L —(1—h)wtrt
— QO — ap b — s s s L,
Y,=—Ly Ktzr—gaLt; M=1 i =p =1 =1 X\ =1
s vd ?t d
ifY, <G, then:ﬂt:5; 0y =0; 7 =0;
_ _ Y, -G
iftY, > G, butY, < G+ s, then: G, =1; 4 = ts ; 75:0;
t
?t—St—G

itY, > G+ s, then: §, = 1; 6, = 1; %flzh(ale taz)m 1 21)
t Lot - t i

d —2 N7
+0; + 1 — — — K.r
0, = BT ) 7Tt+1:_(Yt_atLt_T1{,Kt)§ Zt+1:L;
3 0, 0,
1
St41 = 9—(5t5t + GG + (1 — tax)m + 2¢) — M1 — Zi41;
t

7g+5t+6t>w2

Q41 = ()‘ts)yl ( 3
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